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Abstract 

The steady reduction of water consumption due to sustainable provisions leads to 

concerns about the self-cleaning performance of building drainage networks. Moreover, 

the accurate prediction of complex free surface flows inside drainage pipes is particularly 

challenging. In a previous work, the hydrodynamics in the vicinity of a wye of a building 

drainage system and their influences on the solid conveyance performance were 

investigated through a fully particle-based modeling. Since the particle-based wall 

modeling of the pipe leads to more dissipative non‑smooth surfaces, as a step forward on 

the study, a wall modeling based on unstructured triangulated surfaces associated to a 

polygon-to-particle contact model is adopted herein to improve the accuracy of the 

numerical results. The flow inside a simplified bathroom drainage system, which is 

represented by two drains connected by a wye to a vertical stack, is simulated considering 

a steady flow from a trap connected to a shower and a wash basin, and a transient flow 

from water closet discharge. Following the previous study, water closet discharge 

volumes of 4.8 and 6.0 liters (L), main drain diameters of 75 and 100 mm, and piping 

slopes of 0%, 1% and 2 % are considered. The computed results showed that the discharge 

of 4.8 L provides a better solid conveyance performance than 6.0 L, then mitigating 

potential issues due to clogging. In addition, the results confirm the reduction in 

unphysical frictional loss by using polygon-based wall modeling. 
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1 Introduction 

Low flush volume water closet (w.c.) has been adopted as one of the water-saving 

measures to alleviate the ever-growing demand on limited urban area water resources. In 

order to investigate the influence of the low flush volume w.c. on the self-cleaning 

performance of the building drainage network, numerical modeling and simulations of 

complex hydrodynamics inside the drains and main drains that directly receive the w.c. 

effluents have been conducted by using a particle-based method [1–3]. Focusing on 

discrete solid conveyance performance, configurations such as straight pipe and the 

influences of the local singularities have also been investigated [4–6]. 

In the author’s previous work [6], the solid conveyance under the confluence flows near 

a wye of a drain have been studied numerically. As a result, the flow confluence at a 45º 

wye might deteriorate the performance and the solid might stop at the wye, showing 

potential for clogging, mainly in the cases featuring large diameter and zero slope. 

Nevertheless, as pointed by [7] unphysical frictional losses occur in the simulations of the 

free surface flow inside the horizontal pipes when conventional particle-based modeling 

of the pipe wall is adopted. As a result, flow velocity and water levels are affected by 

numerical model resolution. This issue resembles the additional friction due to non-

smooth wall surface modeling using discrete particles. 

Within this context, in the present work, following [7], the pipe wall boundaries were 

represented by an unstructured triangulated surface for more accurate modeling of the 

smoother pipes surface. In addition to this, the effects of the confluence flow on solid 

conveyance performance are investigated again by using a solid modeled by particles 

together with a polygon-to-particle contact model. Finally, the results obtained by the new 

numerical modeling are analyzed and the differences in relation to those obtained in the 

previous work [6], which is owing to smoothness of the wall modeling by particles and 

by polygon mesh, are also discussed. 

2 Numerical model  

In the present study, the fully Lagrangian meshfree moving particle semi-implicit (MPS) 

method, as described in [1–3], was adopted, using the free surface and solid contact 

models detailed in the previous works [9, 10]. However, instead of the distance of contact 

proposed in [10], the distance between the solid particle and the closest triangle is 

considered for the solid collisions. Considering a pipe flow with relatively low water 

level, the modeling of the air pressure oscillation due its entrapment was neglected. 

Rigid pipe wall boundary 

Contrary to the conventional particle wall modeling [6], the explicitly represented 

polygon (ERP) wall boundary technique [11], in which fixed solid walls are modeled by 
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a mesh of triangles, was adopted herein. In what follows, only essential formulations are 

presented. The reader can find more details in [8, 9]. 

The compact support of fluid particles near the polygon walls is not fully filled with 

particles. Hence, the numerical operators of these particles are divided into the 

contribution due fluid particles 〈〉𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 and polygon walls 〈〉𝑤𝑎𝑙𝑙, see Figure 1. 

 
Figure 1 – Polygon wall modeling. Calculation of numerical operators with ERP model. 

First, the position of the mirror particle 𝑖′ corresponding to particle 𝑖 is computed by: 

 𝑟𝑖′ = 2𝑟𝑖
𝑤𝑎𝑙𝑙 − 𝑟𝑖 , (1) 

where 𝑟𝑖
𝑤𝑎𝑙𝑙 is the closest point on the polygon to particle 𝑖. 

Afterwards, the pressure gradient and Laplacian of the velocity, no-slip boundary 

condition, of the mirror particle 𝑖′ are computed considering its neighbors 𝛺𝑖′, and are 

multiplied by 𝑅𝑖
𝑟𝑒𝑓

 and the identity matrix 𝐼 [11], respectively: 

 

〈𝛻𝑃〉
𝑖

𝑤𝑎𝑙𝑙
= 𝑅𝑖

𝑟𝑒𝑓 𝑑

𝑝𝑛𝑑0
∑

𝑗∈𝛺𝑖′

(𝑃𝑗 + 𝑃𝑖 − 2𝑃̂𝑖)
(𝑟𝑗 − 𝑟𝑖′)

‖𝑟𝑗 − 𝑟𝑖′‖
2 𝜔𝑖′𝑗  , 

(2) 

 

〈𝛻2
𝑢〉

𝑖

𝑤𝑎𝑙𝑙
= −𝐼

2𝑑

𝜆0𝑝𝑛𝑑0
∑

𝑗∈𝛺𝑖′

(𝑢𝑗 − 𝑢𝑖′)𝜔𝑖′𝑗  . 
(3) 

Finally, the operators are added to the numerical operators 〈〉𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 of particle 𝑖: 

 〈𝛻𝑃〉
𝑖

= 〈𝛻𝑃〉
𝑖

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
+ 〈𝛻𝑃〉

𝑖

𝑤𝑎𝑙𝑙
 , 

(4) 

 〈𝛻2
𝑢〉

𝑖
= 〈𝛻2

𝑢〉
𝑖

𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒
+ 〈𝛻2

𝑢〉
𝑖

𝑤𝑎𝑙𝑙
 . (5) 

The transformation matrix for reflection across the plane 𝑅𝑖
𝑟𝑒𝑓

 is expressed as: 

 𝑅𝑖
𝑟𝑒𝑓

= 𝐼 − 2𝑛𝑖
𝑤𝑎𝑙𝑙⨂𝑛𝑖

𝑤𝑎𝑙𝑙 , 
(6) 

where 𝑛𝑖
𝑤𝑎𝑙𝑙 represents the unit normal vector at the position of particle 𝑖. 

The Eq. (3) represents the Laplacian of velocity for the no-slip boundary condition on a 

wall, here with velocity 𝑢𝑖
𝑤𝑎𝑙𝑙 = 0, whose velocity of the mirror particle 𝑖′ is: 
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 𝑢𝑖′ = −𝐼{𝑢𝑖 − 2[𝑢𝑖
𝑤𝑎𝑙𝑙 − (𝑛𝑖

𝑤𝑎𝑙𝑙 ⋅ 𝑢𝑖
𝑤𝑎𝑙𝑙)𝑛𝑖

𝑤𝑎𝑙𝑙]} , 
(7) 

A repulsive force 𝑓𝑖
𝑟𝑒𝑝

 based on Lennard-Jones potential [12] is added to Eq. (15) to 

prevent penetrations of the fluid particles at curved edges of the mesh: 

 
𝑓𝑖

𝑟𝑒𝑝
= {−

𝐷𝑟𝑒𝑝

‖𝑟𝑖𝑤‖
[(

0.5𝑙0

‖𝑟𝑖𝑤‖
)

𝑛1

− (
0.5𝑙0

‖𝑟𝑖𝑤‖
)

𝑛2

] 𝑛𝑖
𝑤𝑎𝑙𝑙 ‖𝑟𝑖𝑤‖ ≤ 0.5𝑙0 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  , 

(8) 

where 𝑟𝑖𝑤 = 𝑟𝑖
𝑤𝑎𝑙𝑙 − 𝑟𝑖, (𝑛1, 𝑛2) = (4,2) , 𝐷𝑟𝑒𝑝 = 𝜌𝐶𝑟𝑒𝑝|𝑉𝑀𝐴𝑋|2, with 𝑉𝑀𝐴𝑋 the maximum 

fluid’s velocity, and the repulsive coefficient 𝐶𝑟𝑒𝑝 = 1 are used for all simulations. 

It is worth noticing that in the ERP the Neumann boundary condition for pressure is 

satisfied and the free-slip/no-slip condition for velocity on the walls can be applied. 

3 Simplified bathroom drainage system 

Following [2] and [6], the simulated model consists of two drains. Pipe 1 receives the 

discharge of a w.c. and the Pipe 2 connects to a trap that receives the effluent of a shower 

and a wash basin. Both drains are connected through a wye to a stack. Figure 2 shows the 

main dimensions of the simulated model along with the curves representing the flow rate 

over time. For Pipe 1, two diameters (75 mm and 100 mm), three pipe declivities (0%, 

1% and 2%) and two discharge volumes of water (4.8L and 6.0L) were considered. The 

diameter of the Pipe 2 is 50 mm for all simulations. The heights of the water surface level 

at the sections S1 to S6, see Figure 2, were measured along the simulation. 

 
Figure 2 - Main dimensions, positions of the sensors of the simulated model (in meters). 

Time series of the flow rate of shower and wash basin and the w.c. flushes of the current 

work and of [6]. 
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It is worth to mention that the flow rate over time of the 4.8L and 6.0L discharges, 

experimentally measured (solid lines), were used in the present study, while the smooth 

fittings (dashed lines) were used in the previous study [6]. 

Considering the different time scales of the flows originating from Pipe 1 and Pipe 2 

(several minutes and a few seconds, respectively), the study focuses on the effects of the 

transient w.c. flush, while the constant flow rate from the shower of 0.35 L/s (0.2 L/s from 

the shower and 0.15 L/s from the wash basin) is applied as the upstream boundary 

condition for Pipe 2. Once the flow reaches steady state (after 8 seconds in simulations 

using polygon wall, and after 10 seconds using particle wall modeling [6]), the w.c. flush 

is discharged upstream in Pipe 1. The total duration of the simulations was 20 seconds. 

The solid transport performance was evaluated by using a cylindrical-shape rigid body, 

six degrees of freedom (6DOF), positioned upstream of the Pipe 1 at beginning of the 

simulation. The material and dimensions of the solid, a cylinder of 30mm diameter and 

80mm length, is based on the waste substitute of an experimental study [13]. Table 1 

shows the mechanical and numerical parameters used herein. 

Table 1 – Material properties and numerical parameters. 

Material 
Density 

𝜌 [kg/m³] 

Mass 

𝑚 [kg] 

Collision coef. 

𝜉𝑛 

Static friction coef. 

µ 

Solid 1010 0.06 0.05 − 

Pipe ∞ ∞ − 0.22 

The simulations were performed using the distance between particles of 2.0 mm and time 

step of 2  ⋅ 10−4 s. The pressure smooth coefficient (𝛾) and the artificial compressibility 

coefficient (𝛼) adopted were 0.01 and 10-8, respectively. For the chosen resolution, the 

models have approximately 600 thousand particles at their peak. Each case took 

approximately 16 hours to process on Intel® Xeon® Processor E5-2680 v2 2.80GHz, 10 

Cores (20 Threads). 

The nomenclature of the 12 simulated cases also follows that adopted in [6]), i.e., 

VaaDbbbAc. where "aa" is 48 or 60 and stands for the discharge volume of 4.8L and 

6.0L, respectively; "bbb" is 075 or 100 denoting the pipe diameter, in mm; and "c" is 0, 

1 or 2, the value of the pipe slope in %. For example, the case V48D075A0 means 4.8L 

discharge in 75 mm pipe at 0% slope. 
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4 Flow confluence at wye 

Figure 3 depicts the time series of water level for all sensors (S1 to S6) for two cases 

V60D100A2 and V48D075A0. The position of the sensors (S1 to S6) is also shown in 

detail in Fig. 3b. 

   
(a) V60D100A2 (b) V48D075A0 

Figure 3 – Water level in the sections S1 to S6 for the cases (a) V60D100A2 and (b) 

V48D075A0 - without solid. 

The flow from the trap which consists of the discharge of the shower and the wash basin 

reaches steady state at 𝑡 = 8 s when the water level measured in the sensors located in 

the Pipe 2 (S5 and S6) remains constant. The water level height in both sensors S5 and 

S6 before the w.c. flush is approximately 15mm in V60D100A2. As expected, it is 

slightly lower than in V48D075A0, about 18 mm, due to larger pipe diameter and slope. 

After the w.c. flush discharge at 𝑡 = 8 s, the water level in Pipe 1, S1-S4, increases. 

The water level at sensor S1 in case V60D100A2 displays a single peak of about 25 mm 

at t=10 s, as illustrated by Fig. 3a. After the peak w.c. flush in the section, the water level 

inside the Pipe 1 decreases steadily to the initial condition. 

From Fig. 3b, the sudden increase of water level is steeper for the case V48D075A0, and 

at 𝑡 = 10 s, a peak of approximately 60 mm at the sensor S2 was computed. After a 

decrease in the height until near t = 12.5 s, the water level at the sensors S1 and S2, 

upstream the wye, rises again around t = 12.5 s and 𝑡 = 16 s. The second and third peaks 

are associated with the encounter of discharged flows in the wye, leading to a backwater 

wave in Pipe 1 upstream to the wye. This phenomenon is more evident for the cases where 

Pipe 1 has smaller diameter and lower slope.  

Regarding the Pipe 2, the cases V48D075A0 and V60D100A2 showed some distinct 

characteristics. In case V60D100A2 the water level of Pipe 2 remains unchanged during 

the w.c. discharge (Fig. 3a). On the other hand, from Fig. 3b, there is an increase in the 

water level in section S6 at t =10.6 s and in S5 at t =12 s, in V48D075A0. This is owing 
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to the backward wave propagation from the wye to upstream caused by the encounter of 

the peak w.c. flush with the steady flow at the wye. At 𝑡 = 11 s, the sensor S6 presents a 

peak water level height of 43 mm. The current results in upstream sections of Pipe 2, S5 

and S6, exhibit a water level peak magnitude, with shorter duration due to the w.c. flush 

discharge, smaller than those obtained by [6]. After 𝑡 = 16 s, the water level in the 

upstream sections return to the initial level prior to the w.c. discharge. 

Figure 4 presents the maximum pipe filling (dimensionless water level) in section S6 of 

the Pipe 2 as a function of the slope for all simulated cases. The scenarios with Pipe 1 

diameter of 75 mm exhibit pipe filling higher than those with the diameter of 100 mm, 

in special for the null pipe slope, in which the maximum pipe filling exceeds 0.85. An 

increase in pipe slope leads to a decrease in the maximum pipe filling value, more evident 

for the cases with Pipe 1 diameter of 75 mm (V48D075 and V60D075). Furthermore, 

very close water levels were obtained for all cases with 1% and 2% slope. 

 
Figure 4 – Maximum pipe filling (dimensionless water level) in section S6 as a function 

of slope – without solid. 

5 Solid conveyance near the wye 

To evaluate the solid conveyance performance in the simplified bathroom drainage 

model, a rigid body 6DOF was initially positioned close to the upstream end of Pipe 1.  

Figure 5 shows snapshots from the cases V60D075A0 and V48D100A0 with the solid. 

The color scale of the fluid particles represents their velocity magnitude, and the body is 

represented by black color. At 𝑡 = 8 s, the w.c. flush is discharged generating a wave that 

propagates inside the Pipe 1. 
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Figure 5 – Snapshots of the simulations of the cases (a) V60D075A0 and (b) V48D100A0 

- with solid. 

In case V60D075A0, the wavefront of the w.c. discharge hits the solid, which is abruptly 

accelerated and slides in contact with the pipe invert (Fig. 5a). As the solid approaches 

the wye, its velocity decreases due to the influence of the flow from Pipe 2. Afterwards, 

the solid stops at 𝑡 = 12 s and remains deposited until the simulation’s end. 

In case V48D100A0 (Fig. 5b), the flow confluence near the wye decelerates the solid but 

is not enough to stop it, which passes through the wye at 𝑡 = 11 s. After that, the velocity 

of the solid increases once again, reaching the stack before 𝑡 = 15 s. 

Despite the lower w.c. flush volume, the solid reaches the stack in case V48D100A0, 

while it stops before the wye in case V60A075A0. This is because the discharge of the 

4.8L w.c. flush has a steeper increase of flow rate and consequently higher flow velocity 

that provides larger momentum transfer to the solid through the impact even when the 

Pipe 1 diameter is larger, as shown in Figure 5 at 𝑡 = 10 s. 

Figure 6 provides the time series for the 𝑥 position of the solid within Pipe 1 across all 

simulated scenarios. The origin of the coordinate system of the 𝑥-axis is at the upstream 

(left) end of Pipe 1, as depicted in Figure 1. Before the w.c. flush discharge, the solid 
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slides slowly along the pipe invert for the scenarios with 1% or 2% of pipe slope. As a 

result, the position of the solid at 𝑡 = 8 s varies slightly for each case. 

  
(a) 𝐷 = 75 mm (b) 𝐷 = 100 mm 

Figure 6 – Time series of the solid position in 𝑥-axis, Pipe 1 diameter of (a) 75 mm and 

(b) 100 mm. 

The times series exhibit a sudden increase of solid velocity due to the impact of the 

wavefront of the w.c. flush discharge on the solid. After that, an inflection occurs in most 

cases when the solid reaches the wye. Out of the 12 simulated cases, in the two 

(V60D075A0 and V60D100A0) with 6.0 L w.c. flush volume and null pipe slope, the 

solid do not reach the stack during the simulation (Fig. 6a and Fig. 6b) and remains 

deposited near the position 𝑥 = 0.7 m until the simulation’s end. 

On the other hand, it is interesting to point out that in the other two cases with null pipe 

slope and flush volume of 4.8 L (V48D075A0 and V48D100A0), the solid is able to pass 

through the wye, although its motion is decelerated near the wye. In the other words, in 

the worst situation of null pipe slope, the cases with flush volume of 4.8 L, which presents 

steeper increase of flow rate, provide better solid conveyance performances than the cases 

with 6.0 L. 

Figure 7 presents the comparison between the time series of solid position in 𝑥-axis of 

cases with null pipe slope obtained by the current study and those performed previously 

by [6]. From the numerical results by using the polygon-based wall modeling, the steeper 

increase of flush rate in 4.8 L discharge is critical for the solid conveyance through the 

wye. On the other hand, the results from the previous study using particle-based wall 

modeling, a numerical technique that induces unphysical frictional loss, the diameter of 

Pipe 1 is a critical factor that leads to the clogging.  
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(a) 𝐷 = 75 mm (b) 𝐷 = 100 mm 

Figure 7 – Time series of the solid position in 𝑥-axis, Pipe 1 diameter of (a) 75 mm and 

(b) 100 mm for the current simulations and performed by [6]. 

6 Final considerations 

This work focused on the investigation of hydrodynamics and solid transport in a 

simplified bathroom drainage model considering 2 pipes: Pipe 1 receives the discharge 

of a w.c. and Pipe 2 connects to a trap that receives the effluent of a shower and a wash 

basin. 12 scenarios considering different w.c. flush volumes, Pipe 1 diameters and slopes, 

were evaluated. An improved modeling of wall boundary based on an unstructured 

triangulated mesh was adopted to represent smoother pipe surfaces. 

Concerning the flow confluence on the wye, a backwater wave is generated by the 

convergence of the discharges in the wye and propagates upstream in Pipe 1 in the cases 

with smaller Pipe 1 diameter and lower pipe slope. Compared to the computed results of 

the former study carried out using conventional particle-based modeling of the pipe wall, 

the water level heights in the upstream sections of Pipe 2 exhibits a smaller peak 

magnitude with shorter duration due to the w.c. flush discharge flowing through the wye. 

These differences can be explained by the present smoother representation of the pipe 

wall boundary using polygons, with reduced unphysical frictional loss. 

Regarding the solid conveyance, the confluence at the wye might negatively impact the 

solid transport performance when the pipe slope is null and the 6.0 L w.c. flush volume 

is adopted. On the other hand, despite the lower flush volume, the 4.8 L discharge 

provides better conveyance performance due to the steeper increase of flow rate. In two 

cases with 6.0L and 0% pipe slope, V60D075A0 and V60D100A0, the solid stopped 

before the wye. Reductions in solid velocity were also observed in cases with 1% pipe 

slope. 

As future works, it is recommended to validate the numerical model through experimental 

results. In addition, considering the relatively high-water levels in cases with lower pipe 

slope, the modeling of the effect of entrapped air is recommended for further studies. 
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